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Abstract-The heat-transfer characteristics of layered composites where the interface is parallel to the major 
heat flow direction is experimentally studied for low frequency periodic excitation. From the results, the 
problem of using steady equivalent thermal properties for unsteady heat conduction analysis is examined. It 
is concluded that the use of steady equivalent thermal properties for unsteady heat conduction gives good 
results only when the thermal conductivities of the two constituents do not differ widely. 

The use of a model with two “diffusivities” for characterizing the heat-transfer problem for this specific 
geometry is also discussed in detail. One of the diffusivities accounts for the phase shift of the periodic 

excitation: the other accounts for attenuation. 

NOMENCLATURE INTRODUCTION 

Cl, C;, amplitudes of temperature of the 
fundamental wave at depths x and 
x + Ax, respectively ; 

C”, amplitudes of temperature for different 
frequencies, n = 1,2, 3 . . ; 

CP, specific heat per unit mass; 
K,, Kz, thermal conductivities of materials 

one and two, respectively ; 

K AV, steady effective thermal conductivity; 

n, number of harmonic wave, n = 1,2,3. ; 

6 time ; 
T temperature ; 
V 2T3 volumetric ratio of material two to the 

total volume ; 
4 distance along the interface of two 

materials from the excited temperature 
boundary ; 

Y, distance normal to the interface of 
two materials ; 

Ax, distance between any two locations. 

THE USE of “effective” properties to characterize steady 
state heat transfer in composites is well established. 
Excellent reviews on effective thermal conductivity by 
Nahas et al. [l], Gorring and Churchill [2] and 
Dulnev and Zarichnyak [3] show application of the 
concept to a wide variety of systems with widely 
differing constituent properties. The concept has a 
sound mathematical basis and can be used with 
confidence. 

Unfortunately, for unsteady heat transfer such con- 
fidence is not possible. In fact, it is known that for some 
systems where the concept of effective properties is 
valid in steady heat transfer, it is not valid for unsteady 
heat transfer (Ben-Amoz [4], Horvay et al. [5], 
Manaker [6] and Kaczenski [7]). Thus when dealing 
with unsteady heat transfer involving composite ma- 
terials an analyst is faced with the predicament of 
knowing that the use of effective properties (specifi- 
cally an effective diffusivity) is valid in some cases and 
not in others. He may suspect that the procedure is 
valid when the constituent properties are of similar 
magnitude or when the excitation is mainly composed 
of low frequencies (Horvay et al. [5], Kaczenski [7] 
and Horvay [8]), but he will question how high the 
frequencies may be or how different the properties may 
be before the errors become significant. It is the 
purpose of this paper to provide some guidance in the 
matter. A comprehensive answer to the above ques- 
tions is not yet possible since the problem of effective 
properties in unsteady heat transfer is very com- 
plicated and has received little attention. 

Greek symbols 

aA, apr diffusivities for attenuation and phase 
shift, respectively ; 

pl, p2, densities of materials one and two, 
respectively ; 

41, 42, phase shifts of the fundamental wave 
at depths x and x + Ax, respectively ; 

0, frequency. 

*This work was supported by NSF Grant GK 33844. 
t Formerly, Research Assistant, University of 

Massachusetts. This paper was abstracted from H. V. 
Truong’s Ph.D. Thesis. 

The attack taken here is to experimentally study 
thermal wave propagation in a system where the 
conditions for using effective properties are generally 
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FIG. 1. 

unsatisfactory. It is a “worst” case. This study, in elect. 

bounds the conditions for which the use of effective 

properties is valid. The system considered is a lami- 

nated composite with the laminae running parallel to 
the principal hear tlou direction as shown in t;ig. i. 

Another reason for choosing this system is that i I is the 
most widely studied theoretically with respect to 
thermal wave propagation (Horvay rt (11. I:‘]. Ma- 

naker [h]. Kaczcnski [7]. Kaczenski and Horva) 181. 
Manaker and Horvay [9, (01 and Horvay and Ma- 

naker [I I]). To the authors knowledge this is the first 
cxp~rinlctI~a1 study- of the nature of unsteady heat 

transfer in this or other composite systems.* 

The overall goal of the work is to characterize wave 

propagation in the laminated composite on the basis 01 
an equal-weight average lemperature ai any plane 
perpendicular to the principal heat flow direction. An 

averaging technique which weights local teinp~r~~tures 
according to laminae thickness or properties, while 
possibly more accurate. would be much more com- 
plicated than Ihe model proposed here. AS the wave 
moves into the composite it experiences both alten- 
uation and phase shift which suggests that the 

composite can be better ch~~racterized by the use of two 
“diffusivities” rather than by a single diffusivity. One 
“diffusivity” would account for attenuation (an in this 

paper), and the other would account for phase shift (x,, 
in this paper). For homogeneous systems u.4 and xp are 
equal and can be obtained from either steady or 

unsteady experimental data. On the other hand, for 
composites. x._, is not equal to cfp though for low 
frequency excitation in composites with similar con- 
stituent thermal properties they are approximately 
equal. The question raised here and addressed by this 
research is how different D.,~ and ap are from the thermal 
diffusivity calculated as the ratio of a steady effective 

conductivity, k: ,I$., and an average value of the heat 
capacity (PC,),,,.. For a laminated composite as 

*Many researchers use unsteady methods to obtain effec- 
tive thermal conductivities of composites with the tacit 
assumption that the procedure is valid. On the basis of the 
above discussion and the work herein. some ofthis work must 
hc in error. 

Significant deviation of s( 4 or 2,’ II-~ Y. ,I will by .,I: 
indication that a single diffusivity is not adequate iti 
characterizing unsteady heat tr;tnsfer in the spwiiic. 

composite under study. 

A test apparatus was constructed to cre:r~a ;I houi~- 
dary condition on the <ample free surface v,hich 

approximated a square wave. TInl was &WC 1.r~ 
alternately impinging waLcr fi3iirr rc~coir~ ;il i:v(’ 

different teliiperatures on the fret s&‘ace oft he ~npl~ 
for equal times. No attempt u;z\ ln:icic to c~h~un ., 
sinusoidal wave or to perfect thi’ yqtiarc w:i\i‘ \ 
sinusoidal wa\c require< an elaborarc cnnlrc4 ayslcn: 
and ;t perfect square wave is impossible. Actualt! 

neither is necessary since fiarmontc anal>-sis of !h~ 
actual resulting WaVc gives ail the iilf~~rI~~~tio1~ itcciicd 
and is a much easier procedure. 

.._ __. ..- 

t Poly (methyl nlethacrylatc i 
:Individual temperature measurements wcrc also made in 

several c:tses to determine the actuai temperature protilc to 
assure that this averaging procedur;: tv2~ s;ilid 
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Table 1. Properties of homogeneous materials used in this study 
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Property 

Materials 
Density 

[kg/m3 x lo- ‘1 

Thermal Thermal Specific Temperature 
diffusivity conductivity heat range 

[m’/s x 105] [J/s.m.K x lo-‘] [J/kg.K x 1O-2] WI 
Aluminum 
2024 alloy 
Brass 360 
alloy 
Low carbon 
steel 
PMMA 

2.79 f 0.02 4.11k0.21 1.094 + 0.066 9.55*0.017 300 - 311 

8.47 + 0.03 2.53 k 0.05 0.818+0.024 3.82 & 0.021 300 - 311 

7.84 + 0.03 1.39 * 0.05 0.488+0.019 4.56 f 0.004 300 - 311 
1.17+0.01 0.0116 + 0.0005 0.00182 5 0.00004 13.40~0.008 300 - 311 

DATA ANALYSIS AND RESULTS 

A computer program was used to convert the raw 
thermocouple output data to temperature data using 
previously developed calibrations. The program also 
performed a harmonic analysis to extract the fundam- 
ental wave. Only the fundamental wave is necessary 
since the higher harmonics attenuate very rapidly. It 
was confirmed that the error involved in neglecting the 
higher frequency terms is less than 2%. This fundamen- 
tal wave was then analyzed as described next. 

Because the objective is to establish effective proper- 
ties of a composite corresponding to an “equivalent” 
homogeneous material, the starting point of the ana- 
lysis is the equation for the temperature response at 
any depth from the free boundary of a semi-infinite 
homogeneous material subjected to a periodic boun- 
dary temperature. This response is [ 131 

T(x, t) = zl Cnexp[-(z)l”x] 

where C, is the amplitude of temperature for any 
harmonic (n = 1 corresponds to the fundamental 
wave), w is the frequency (period = 27r/w), c( is the 
thermal diffusivity, x is the depth from the free 
boundary and t is time. Since the higher harmonics 
attenuate very rapidly and have negligible effect after 
only a short distance from the surface, these can be 
neglected with little error. Thus we assume that the 
“equivalent” homogeneous material has a response of 
the form 

T(x,t) = C1exp[--/~Ji”x] 

x cos[~~- (qzx]. (5) 

Using this model it is possible to calculate the equiva- 
lent thermal diffusivity, CI, from the fundamental wave 
at two different depths using either the attenuation 
portion of the expression {C, exp[ --(w/2cr)1’2x]} or 
the phase shift portion {cos[wt- (w/2a)“‘x]}. Using 

attenuation gives 

WAX’ 
aA = 2 

2 
(6) 

where Cr and C; are the amplitudes of the fundamen- 
tal wave at two different depths separated by a distance 
Ax. Using phase shift gives 

wAx2 
ap = 2(& -&)2 (7) 

where &~i and &r are the phase shifts at two different 
depths. If, indeed, calculations show aA and ap to be 
approximately equal then a homogeneous equivalent 
does exist. If they are not equal, then the “equivalent” is 
a physically non-existent invention with two diffusi- 
vities, one to govern attenuation and one to govern 
phase shift. 

To further help answer the question of when aAV is a 
good approximation of aA and a,,, the latter were 
normalized using aAv The representative results for 
steel/aluminum and aluminum/PMMA laminated 
composites are presented in Figs. 2 and 3 respectively 
where least square parabolas have been fitted to the 

east square curve for 

Least square curve for 

0 02 04 06 08 

(Aluminum) &eel) 
Volume fraction 

FIG. 2. Variation of adaA,, and ap/aAy with volume fraction 
for low carbon steel/aluminum 2024 alloy. 



data. It should be noted that all these least square 
parabolas very nearly go through the points r ,,.a,,, 
= apicI,41, = I for volume fractions of 0 and I as they 
should since these volume fractions correspond to the 

homogeneous limits. 

* Least square curve for / 
a,/%” I 

c 02 C4 06 0 8 '-1 

(Alumlnumi (PMMA) 
Volume fraction 

The data points in Figs. 1 and 3 are actually the 
average of six data points. Since x,4 and CI,, showed no 

particular trend with frequency of the imposed surface 
temperature boundary condition, the data for the three 
frequencies were averaged. Similarly, c( , and r,, were 
calculated using two of the three possible con- 

binations of thermocouple locations and no trend wax 

noted, so these results were also averaged. Con- 

sequently each data point in Figs. 1. and 3 represent the 
average of the six possible combinations of three 

frequencies and two pairs of thermocouple locations.” 
The “error” bars in the figures indicate the spread of 
these data points measured by plus or minus one 

standard deviation. 

The independence of M,, and c1,, with frequency is 
particularly noteworthy since this result confirms 
theoretical predictions (Horvay or (I/. [5], Kaczenskl 
[7] and Kaczenski and Horvay [Xl). These researchers 
noted that at low frequencies and not too small 

distances into the laminate, 111~‘ static cqui\alent 

thermal constant c(qc is applicable also in non-static 

problem. Additionally, this research shows that even 

when a,,,, is not applicable it is still possible in some 
cases to predict average temperatures by use of a 

“Readers interested in the six separate data points xc 
referred to Truong [12] where this data and data for other 
laminated composites are preserved. This reference also 
discusses a correlation procedure for the results in Figs. 2 and 
3 as well as the other laminated composites but the cor- 
relations are not presented here because they arc IOO specific. 

model with two diffusivities. 3:, and I,, which are also 
frc,quency independent. Likely this holds only for not 
tc~> small distances into the laminate 

It is concluded from this stud) that metallic metallic 
laminated composites subjectcti !O low frcquenc! 
e\citatinn L-XI be modeled quite accurateI) usmg x I, 

l’cr both phase shift and attenuation prediction. Even 

for the worst cases. the least square curves for the ratios 
C)lIi %,, :~nd xp x4, fall well within 10”,, error though 
some individual data points ;Irc 4ightly out of this 

r;ingc. An analyst can then be quite comfortable when 
ii+ / ,, for metallic composites u hose constituenl 
properties ;trc similar to those used in this study. This 
\vould be true for most composileq except in some 

Iaminate.s 1% here the principal hra~ flow direction ii 

perpendicular to the laminac. However. when the 
properties of the constituents are quite different ;i> is 

the USC when the metallic.:PMMA laminated com- 

posites Y , , is a good predictor oni> of phase shift (since 

x,/x ,, i5 close to one for ;ili iolunie fractions) 

Attenuation prediction using x ,i would introduce 

large error since x , ‘I _,I is close to one only fc)r volume 
fractions clo\c to rero or one 1 the llornogenec~tis 

limits) 

( 0nipoGrcs with propertiea faIlinp hclwcen the two 

c'xti-cnw. stuciiud iii this work \\ould di\pla! curb25 of 

XI Yli and I,, x ,1 vs volume fr:ictictn between those 

presented. An analyst could make predictions based 
on some interpolated values of Y , ;ind ,xp. but this 
procedure would be very approximate :it best. We feel 
an analyst would be better off using I II and intrn- 
ducing ;I safety factor based on the information 

presented here 

T~cI-c ;II.C wm cases which 4~auld bc the subject of 

(urthcr \tr~d> to really cover the ransc of possible 
compo<lte\ 4lthough thi: liiclailic rnctallrc ,:~)ni- 
posites had thermal conductI\ it\ !Yiltl(>S Of approxi- 

mate11 one the results are not oh\iousl> applicable 
to cotnposiles of \erq l~>u thcrni‘ii cc)nclucti\ity c\en if 
t hc thtxnral conductivit! ratios ;Irc close to enc. .Also, 

the thermal conductivity t-angc of IO 100 needs further 
\tud>. The effect of frequent! should also be in- 
\cs(lg:~ted lo dctcrniinc the r;Iiigc\ 01‘ applicability of 
the srugle and double dill’usI\~L) models.+ Since the 

detail5 of this work as report4 111 I‘ruong [ I2 ] have 

confirincd the analytical proccdtircs ue suggest tllilt 

further wol-k on modeling be analytical especially since 

high frequency experimental data I\ e\trcmelj difticult 

II_ not ~nipo~siblc to penel-ate 

-t Howay :md Manaker 11 I] present ‘I thcoretlcal analysis 
of the high kequency problem for the lammated composite of 
this study. 
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foundation. We have shown here that such a model is 
possible but because of the complexities involved, the 
prediction procedure eludes us. 
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ETUDE EXPERIMENTALE DU TRANSFERT THERMIQUE 
DANS DES COMPOSITES STRATIFIES 

Resume-On Ctudie exptrimentalement, pour une excitation periodique de faible frequence les caracteris- 
tiques du transfert thermique de composites en couches dont I’interface est parallele a la direction principale 
du flux de chaleur. A partir des risultats, on examine le probleme de I’utilisation des proprietts equivalentes 
en regime permanent au cas de la conduction thermique variable. On conclut que cette utilisation donne de 
bons rtsultats settlement quand les conductivitts thermiques des deux constituants ne different pas 
beaucoup. On discute aussi en detail un modele a deux “diffusivitts” pour caracttriser le probldme dans cette 
gtomttrie specifique. Une de ces diffusivitts tient compte de la phase de I’excitation piriodique et I’autre tient 

compte de l’attenuation. 

EINE EXPERIMENTELLE STUDIE ZUR WARMEUBERTRAGUNG IN 
GESCHICHTETEN VERBUNDWERKSTOFFEN 

Zusanunenfassung-Die Wlrmeiibertragungseigenschaften von geschichteten Verbundwerkstoffen, bei 
denen die Trennfllche parallel zur Hauptrichtung des Warmestroms verlluft, wurden experimentell fur 
periodische Beaufschlagung bei niedrigen Frequenzen untersucht. Anhand der Resultate wurde die 
Miiglichkeit geprtift, Lquivalente station&e thermische Stoffwerte fur die Berechnung der instationaren 
Wiirmeleitung zu verwenden. Dabei ergab sich, daR die Verwendung lquivalenter stationlrer thermischer 
Stoffwerte bei der instationaren Wlrmeleitung nur dann zu guten Resultaten fiihrt, wenn die Warmeleitfahig- 
keiten der beiden Bestandteile sich nicht zu sehr unterscheiden. Ausfiihrlich wird die Brauchbarkeit eines 
Modells mit zwei Leitfahigkeiten zur Beschreibung der Warmeiibertragungseigenschaften dieser speziellen 
Geometrie diskutiert. Die eine Leitfahigkeit bestimmt dabei den Phasenverzug, die andere das D%ropfung- 

sverhlltnis des periodisch erregten Systems. 

3KCfIEPMMEHTAnbHOE MCCJIEAOBAHME TEI-UIOOLMEHA B CJIOMCTO~ 

CTPYKTY PE 

AHROTB~BR - Tennoo6breHHbIe XapaKTepBCTBKH CJtOBCTblX CTpyKTyp, B KOTOpbtX rpamiua pasnena 
napannenbHa OCB~BHOMY HanpaBneHm0 TennoBoro rroToKa, uccnenymorca 3KcnepabfeHTanbHo npe 
ITepWOAA’ieCKBX HB3KOYaCTOTHblX BO36yXOIeHBBX. Ha OCHOBaHBW nO,,yBeHHblX pe3ynbTaTOB 
paCCMaTpHBaeTCR BOnpOC 06 WCnOnb30BaHHB CTaUUOHapHbrX 3KBWBaJteHTHbIX Ten,lO#Bf3HYeCKWX 
CBOilCTB &ml aHaJtA3a HeCTaUUOHapHOk? TenJIOnpOBOnHOCTU. DOKa3aH0, ‘IT0 3T0 ,KOnyCTUMO nWmb 
B TOM CJIyKae, eCJtB TeOJtOnpOBO~HOCTki nByX KOMuOHeHT He CllBbHO OTSIBYalOTCII. neTa,,bHO 
paCCMaTpBBaeTCB BCnOnb30BaHWe MOAeJIP C JIByMB K03@jBi4WeHTaMB TeMnepaTypOnpOBOnHOCTH 
nnfl naHHofi cnerrB&irecKoR reOMeTpew. OneH H3 K03&jBiUHeHTOB TeMnepaTyponpoBonHocTB 

y9nTbmaeT 4a30Bbtii cnanr npe nepnoneBecKoP Bo36ymneHnB, npyroii - 3aTyxanne. 


